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Abstract. We prove a structure theorem for topologically conservative real 
skew product extensions of distal minimal compact metric Z-flows. The main 
result states that every such extension can be represented by a perturbation of 
a Rokhlin skew product. Moreover, we give certain counterexamples to point 
out that all components of the construction are in fact inevitable. 



1. Introduction 

The study of real-valued topological cocycles and real skew product extensions, 
also called cylinder flows, has been initiated by Besicovitch, Gottschalk, and Hed- 
lund. Besicovitch proved the existence of topologically transitive real skew product 
extensions, and the main result in [GoHe] , Chapter 14 can be rephrased to the as- 
sertion that a topologically conservative real skew product extension of a minimal 
rotation on a torus (finite or infinite dimensional) is either topologically transitive or 
defined by a topological coboundary. More recently this result has been generalised 
to skew product extensions of a Kronecker transformation (cf . [LeMe ) . While the 
results in [GoHe] and LcMcj are based on the fact that a minimal rotation acts as 
an isometry, a corresponding result apart from isometries has been proven for the 
class of distal minimal homeomorphisms usually called Furstenberg transformations 
(cf. |Grj). However, in general the dichotomy does not hold true that a topologically 
conservative real skew product extension is either topologically transitive or defined 
by a topological coboundary. This motivates the study of topologically conservative 
real skew product extensions apart from these two cases, carried out here in this 
paper in the general setting for distal minimal homeomorphisms. 

Let T be a self-homeomorphism of a compact metric space (X, d) , and let (X, T) 
denote the compact metric Z-flow on X defined by (n, x) i— > T n x. If no indication of 
the group acting continuously on a compact metric space is given, then in this paper 
the term compact metric flow will refer to the case of the group Z of integers with 
the action being represented by a self-homeomorphism. We call a flow minimal, 
if the whole space is the only non-empty invariant closed subset of X. If (X, T) 
and (Y, S) are compact metric flows and ir is a continuous map from of X onto Y 
with 7r o T = S o 7T, then (Y, S) is called a factor of (X, T) and (X, T) is called an 
extension of ( Y, S) . The set of homeomorphisms commuting with T is a topological 
group with the topology of uniform convergence, and this group will be denoted by 
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Aut(X,T). Two points x,y G X are called distal, if it holds that 

inf d(T n x, T n y) > 0, 

otherwise they are called proximal. For a general Hausdorff topological group G 
acting continuously on a compact Hausdorff space X two points x, y G X are called 
proximal, if there exists a net {g n } ne i C G with lmig n (x) = lwag n (y), otherwise 
they are called distal. In the case of a compact metric Z-fiow these definitions are 
of course equivalent. Now a homeomorphism or a group action is called distal, if 
any two distinct points are distal to each other, and an extension of flows is called 
distal, if any two distinct points in the same fibre are distal to each other. One of the 
most important properties of distal group actions is the partitioning of the compact 
space X into closed minimal subsets, even if the action itself is not minimal. 

Suppose that A is an Abelian locally compact second countable (Abelian l.c.s.) 
group with zero element Oa, and let denote its one point compactification with 
the convention that g + oo = oo + g = oo for every g € A. For a continuous function 
/ : X — > A we define define a map / : Z x X — > A by 

(EVof(T k x) ifn>l, 
f(n,x) = < A if n = 0, 

[-f(-n,T n x) ifn<0. 

This map satisfies that 

f(k,T l x) + f(l,x) = f(k + l,x) 

for all integers k,l and every x G X, and thus it is a cocycle of the Z-action on 
X given by (n, x) i — ► T n x. If a Hausdorff topological group G acts on X, then a 
cocycle is a continuous map / : G x X — ► A so that f(g, h(x)) + f(h, x) — f(gh, x) 
holds true for all g,h G G and x G X. The skew product transformation of the 
homeomorphism T and the function / is the homeomorphism 

T f (x,a) = (Tx,f(x)+a) 

of X x A, which is related to the cocycle f(n,x) by the equality that 

T n f (x,a) = (T n x,f(n,x) + a) 

for every integer n. We denote the orbit closure of a point x G X under a continuous 
action of a Hausdorff topological group G on X by 

6 G {x) = {gjxj : g G G} 

and we denote the orbit closure of (x, a) G X x A under Tf by 

(5 Ti/ (x, a) = {T n f (x,a) :n&1}. 

We call the skew product transformation T/ point transitive if 

6 T ,f(x,a) = X x A 

holds true for some point (a;, a) elxi. Obviously (x',a') G Otj{x, Oa) implies 
that (x',a' + a) G Ot./(i,o) for every a G A, and by the continuity of T/ it 
follows from (a;', a') G (9 T ,/(a:,0 A ) and (x",a") G t ,/(2;',Oa) that (x",a' + a") G 

a T ,/(a;,o A ). 
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Moreover, we shall use the notion of the prolongation Dq(x) of a point x G X 
under the action of a Hausdorff topological group G, which is defined by 

T>c(x) — |^|{(5g(W) : U is an open neighbourhood of x}, 

and the prolongation T>tj{x, a) of a point [x, a) under the skew product transfor- 
mation T f is then defined by 

T>Tj(x,a) — f^U&TjiU) :U is an open neighbourhood of (x,a)}. 

While the inclusion of the orbit closure in the prolongation is obvious, the fol- 
lowing lemma shows that the coincidence of these sets is actually generic: 

Lemma 1.1. Suppose that (X,G) is a compact metric G-flow with a Hausdorff 
topological group G acting continuously on X. Then there exists a residual G- 
invariant set T C X so that 

6 G (x)=V G (x) 

holds true for every x G T . Furthermore, for a topological skew product extension 
Tj : X x A — ► X x A of a compact metric flow (X,T) there exists a dense 
T -invariant residual set T of X so that 

6 T j{x,a) = V T ,f(x,a) 

holds true for every x G T and a G A. The assertion holds as well for the extension 
of T/ to the product X x Aoo defined by (x,oo) <— > (Tx,oo) for every x G X. 
Moreover, for a continuous function g = (51,52) : X — ► R 2 the result holds also 
for the extension ofT g onto X x (Rqo) 2 , which is defined by (x,s,oo) 1— » (Tx,s + 
<7i(x),oo), (x, 00, i) 1 — > (Tx, 00, t + g2{x)), and {x, 00,00) 1— » (Tx, 00, oo), for every 
x G X and s, tel. 

Proof. The first assertion is proven in [AkGlj . the second assertion follows then 
by application on the extension of T/ onto X x A^. Moreover, the coincidence of 
Otj(x, a) and T>T.f{x, a) for some (x, a) G X x A implies the same coincidence for 
all (x, a') G {x} x A, because T/ commutes with the right translation on X x A. □ 

Definition 1.2. A cocycle f(n, x) is topologically recurrent if, for every open neigh- 
bourhood U of Oa and every non-empty open set U C X , there exists an integer 
n 7^ so that 

T- n U C\UC\{x: f(n, x) G U} ^ 0. 
A cocycle which is not topologically recurrent is called topologically transient. 

Remarks 1.3. The cocycle fin, x) is topologically recurrent if and only if the skew 
product is topologically conservative [regionally recurrent in the terminology of 
GoHej), i.e. for every non-empty open set VCIxG there exists an integer n ^ 
so thatT™(V)nV^0. 

If the cocycle f(n,x) is topologically transient and {(nk, Xk)} n >i C Z x X is a 
sequence with d(xk,T ,lk Xk) — > 0, then it holds true that lim^oo \ f(rik,Xk)\ —> 00. 

Definition 1.4. An element a G A is in the set E(f) of topological essential values 
of the cocycle f(n,x) if, for every open neighbourhood U(a) of a and every non- 
empty open set U C X, there exists an integer n ^ so that 

T- n UnUn{y:f(n,y) eU{a)}^fr 

The set of topological essential values is called the topological essential range. 
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Remarks 1.5. The cocycle f(n,x) is topologically recurrent if and only if the zero 
element Oa is an element of E(f). Moreover, if the topological essential range E(f) 
is non-empty, then it is a closed subgroup of A (cf. [LeMej . Proposition 3.1). 

A topological cocycle f(n, x) has full topological essential range E(f) = A if and 
only if the skew product transformation Tt is topologically transitive on X x A 
(regionally transitive in the terminology of [GoHej), i.e. for two arbitrary non- 
empty open sets V,W Q X x A there exists an integer n so that T™(V) H W ^ (cf. 
[LeMej . Proposition 3.2). The statement that E(f) — A is also equivalent to the 
point transitivity of Tf, with a residual set of x E X so that Otj(x, a) = X x A 
for every a E A (cf. [GoHej . Theorem 9.20). 

Definition 1.6. Let b : X — > A be a continuous function and define a topological 
cocycle h(n, x) by the function h(x) = f(x) — b(Tx) + b(x). Then the cocycle h(n, x) 
is called topologically cohomologous to the cocycle f(n, x) with the transfer function 
b(x), and it follows immediately that 

h(n, x) = f(n, x) - b(T n x) + b(x). 

A cocycle topologically cohomologous to zero is called a topological coboundary. 

The following lemma has been used in Atkinson's proof |Atj that recurrent Un- 
valued topological cocycles of a minimal rotation on a torus are coboundaries if and 
only if the essential range is trivial. In our case a generalised version for cocycles 
of a minimal homeomorphism on a compact metric space is required, and for the 
sake of simplicity the lemma will be restricted to real valued cocycles. 

Lemma 1.7. (i) Let f(n,x) be a real valued topological cocycle of a minimal 

homeomorphism T of a compact metric space (X,d), and suppose that the 
skew product transformation Tf is not topologically transitive on X x M. 
Then for every neighbourhood U of there exist a compact symmetric 
neighbourhood K <zU of and an e > so that the set 

{x e X : d(x, T n x) < e and f(n, x) E 2K \ K } (1) 

is empty for every integer n. 
(ii) More general, let f(n, x) be a cocycle with values in an Abelian l.c.s. group 
A and let {(rik, x k )}k>i C (Z\{0}) xX be a sequence with d(xk,T nk Xk) — > 
and f(nk,Xk) — > g € A^ (respectively Roo x RooJ as k — > oo. Then for 
every x E X it holds true that (x,g) E T>tj{x,0a)- Moreover, if g E A 
(i.e. finite), then it is an element of the essential range E(f). 

Proof. We want to start with the statement (ii). Let {(rife, Xk)}k>i C (Z\ {0}) x X 
be a sequence with the stated properties, and let U C X be an arbitrary non-empty 
open set and U(g) an arbitrary neighbourhood of g E A x . We may assume that 
Xk — > x' E X, and as the homeomorphism T is minimal, we can fix an integer m with 
T m x' E U. It follows then that T m x k -> T m x' and T n "T m x k = T m T n "x k -> T"V 
as k — > oo, and we obtain by the cocycle identity and the continuity of f(m, •) that 

f(n k ,T m x k ) = f(m,T n *Xk) + f(nk,x k ) + f(-m,T m Xk) 
= f(m,T nk x k ) + f(n k ,x k ) - f(m,x k ) -> g. 

For all k large enough it holds true that T m x k , T n «T m x k E U, and f(n k ,T m x k ) E 
U(g). It follows that (x,g) E T>tj(x,0a) for every x E X, because the neighbour- 
hoods U and U(g) were arbitrary, and in the case g E A this implies that g E E(f). 
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Suppose that /(n,x) is real valued and T/ is not topologically transitive. Then 
the essential range E(f) is a proper closed subgroup of R by Remarks ll.5[ and 
for every neighbourhood U of there exists a compact symmetric neighbourhood 
K C U with 2K \ K° n E(f) = 0. If assertion Q is false for the compact symmetric 
neighbourhood K, then the statement (ii) implies that g £ E{f) n 2K \ K°, in 
contradiction to the choice of K. □ 

Now we want to define a topological version of the Rokhlin extension and the 
Rokhlin skew product. Moreover, we shall introduce the notion of a perturbated 
Rokhlin skew product, which will be inevitable in the statement of our main result. 

Definition 1.8. Suppose that (X,T) is a distal minimal compact metric flow and 
that (M, {$t : t £ R}) is a distal minimal compact metric R-flow. Let / : X — ► R 
be a function with a topologically transitive skew product T/onlxl. We define 
the Rokhlin extension T$j on X x M by 

T& t f(x,m) = (Tx,$ /(x )(m)), 

and we define the Rokhlin skew product T$j on X x M x R by 

T*,/(x,m,t) = (Tx,$^( a .)(m),t + /(x)). 

Now let fif : R X M — > R be a cocycle of the R-flow (M, {$ t : t G R}). Then we 
define the perturbated Rokhlin skew product T$ t g on X x M x K by 

T$,/, s (x,m,t) = (Tx, $f( x )(m),t + f(x) + g(f(x),m)). 

Remark 1.9. We obtain from the cocycle identities for f(n,x) and g(t,m) that 

Zy./fom) = (T n a;, $ f(n<x) (m)), 

Tj^fa:, m,t) = (T^x, $ /(n ^(m),t + /(n, a;)), 

and 

j g (x,m,t) = (T n x,$ f ( niX )(m),t + f(n, x) +g(f(n,x),m) 
hold true for every integer n. If (x, 0) is a transitive point for T/, then it follows 
from the minimality of the flow (M, {$ t : t e R}) that {x} x M C 0r 4 -(x, m) for 
every m S M. This implies however that (x, m) is a transitive point for the distal 
homeomorphism T$j, and therefore the compact Z-flow (X x M, T$ j) is minimal. 

First we want to present a simple example of a topological Rokhlin skew product 
which is of topological type IIIo, i.e. recurrent with a trivial topological essential 
range but not a topological coboundary. 

Example 1.10. Let / : T — ► R be a continuous function with a topologically 
transitive skew product extension T^- of the irrational rotation T by a on the 
torus, and let j3 £ (0, 1) be irrational so that the R-flow {$t : t £ R} defined by 

$t(y,z) = (y + t,z + (3t) 

is minimal and distal on T 2 . Then the minimal and distal Rokhlin extension T$j 
on T 3 turns out to be 

T$j(x, y,z) = (x + a,y + f(x),z + (3f(x)), 

and putting h(x,y,z) = /(x) for all (x, y, z) £ T 3 gives a topological type IIIo 
cocycle h(n, (x, y, z)) of the homeomorphism T&j with the skew product extension 
T$j. Indeed, as T/ is point transitive, the cocycle h(n, (x,y,z)) is recurrent, but 
it is not bounded and therefore cannot be a topological coboundary. Furthermore, 
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a sequence {t n } n >i C R with t n mod 1 — > and (/3t n ) mod 1 — > cannot have 
a finite cluster point apart from zero, and hence E(h) = {0}. For a point i 6 T 
so that (x,0) G T x R is transitive under Tf and for arbitrary j,zel the orbit 
closure of (x, y, z), 0) under the skew product extension of T$ j by /i is of the form 

O T ^ f ((x,y,z),0) = 6 T4ftfl h((x,y,z),0) = T x {(<S> t (y, z),t) G T 2 xl:i G R}. 

The collection of these sets for all (y, z) G T 2 defines a partition of T 3 x R into orbit 
closures under T$,f- 

The next example makes clear that the perturbation of a Rokhlin skew product 
by a cocycle g(t,m) : R x M — ► R of the R-flow {$ t : t G R} cannot necessarily 
be eliminated by cohomology with respect to a continuous transfer function. 

Example 1.11. We let T, /, and {<& t : t G R} be defined as in Example II. 10[ and 
we let g(t, (y, z)) be a topologically transitive cocycle for the R-flow {<I> t : t G R}. 
We put 

h(x, y, z) = f(x) + g(f(x), (y, z)) 

and obtain that 

h(n, (x, y, z)) = f(n, x) + g{f(n, x), (y, z)) 

is a cocycle of T$j with the skew product extension T$ j >g on T 3 x R. From unique 
ergodicity it follows that J J2 g(t, (y, z))d\(y, z) = for every t G R. As the pertur- 
bation g(h(n,x),(y,z))) is unbounded, there cannot be a continuous cobounding 
function defined on T 3 making h and h cohomologous. However, the structure of 
the orbit closures in the skew product is preserved in the sense that 

T ^ f J(x, y, z), 0) = T x {($ t (t/, z), t + g(t, (y, z))) G T 2 x R : t G R}. 

Motivated by these examples we want to formulate the main result of this paper: 

Main Theorem. Suppose that (X, T) is a distal minimal compact metric "L-flow 

and f : X > R is a continuous function with a topologically recurrent cocycle 

which is not a coboundary. Then there exist a factor {X a ,T a ) — -K a {X,T), a con- 
tinuous function f a : X a > R, a compact metric space (M,5), and a continuous 

distal R-flow {<£> t : t G R} on M so that the Rokhlin extension (X a x M,T a ^j a ) 
is also a factor (Y, S) — ny (X, T) of (X, T) and the function f is topologically co- 
homologous to fy o ity for a suitable continuous function fy : Y — > R. Moreover, 
there exists a topological cocycle g : R x M — > R of the R-flow (M, {$ t : t G R}) 
so that 

f Y (x,m) = f a (x) +g(f a (x),m) 

holds true for every (ir,m) G Y = X a x M, and thus the skew product Sf Y is the 
perturbated Rokhlin skew product T a ,<&j a ,g- Moreover, there exists a residual set of 
x G X for which it holds true that 

■Ky l [x) x {0} c O T j y ok Y (x,0). 
Corollary. The skew product Rf aOTa over the distal homeomorphism 

R: Y — > Y 

(x,m) i— > (T a x,m), 

in which r a : (Y, S) > {X a , T a ) denotes the factor map (x, m) hi, is a topolog- 
ically transitive extension of every minimal R-orbit closure X a x {m} C Y. This 
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skew product is related to the skew product transformation S f Y by the continuous 
mapping F : Y x R — ► Fxl defined by 

F(x,m,t) = (x,$ t (m),t + g(t,m)) 

so that 

FoR faOTa = Sjy oF. 

If the minimal compact metric flow (X, T) is uniquely ergodic, then the mapping 
F is onto and closed. Therefore the skew product S f Y is a topological factor of the 
skew product Rf a0Ta , and the space Y x R admits a partition into the collection of 
Sf Y -orbit closures given by the images of the sets X a x {m} x R under the closed 
continuous onto mapping F for all m G M . 

Remarks 1.12. Even though the compact metric flow (X, T) is not necessarily a 
Rokhlin extension, the existence of a function / : X — ► R with a topologically 
recurrent cocycle apart from a coboundary and with a non-transitive skew product 
extension forces the existence of a Rokhlin extension factor (Y, S) with a non-trivial 
flow {<I> t : t G R} as well as the existence of a function cohomologous to / defined 
on this factor. 

If the flow (X, T) is uniquely ergodic, then the perturbation cocycle g(t, y) fulfils 
that g(t, y)/t — > uniformly for all y G Y. Therefore the perturbation, even if not 
uniformly bounded, is dominated by the linear term in the Rokhlin skew product. 
However, even in the non uniquely ergodic case the perturbation cannot establish 
transitivity of the skew product S f Y , because the transitivity of T/ follows then. 

The proofs of our main results will be concluded at the end of the following 
section, which starts with the structure theory of distal minimal flows as our most 
important tool. 

2. Real cocycles of distal minimal flows 

Furstenberg's structure theorem for distal minimal flows will be essential in the 
further study of cocycles. The structure theorem is based on the following definitions 
of an M-bundle and an isometric extension. 

Definition 2.1. Let X and Y be compact metric spaces, n be a continuous map 
from of X onto Y, and M be a compact homogenous metric space. Suppose that 
there exists a real valued function p(xi,x 2 ) defined on 

Rn = {(xi,x 2 ) eXxX: n( Xl ) = ir(x 2 )} (2) 

and continuous on R n , so that for every y G Y the function p is a metric on the fibre 
7r _1 (y) with an isometry between n~ 1 (y) and M. Then X is called an M-bundle 
over Y. 

Definition 2.2. Let (X, T) and (Y, S) = ir(X,T) be compact metric flows so that 
X is an M-bundle over Y. If the function p satisfies that p(xi,x 2 ) = p(Txi,Tx 2 ) 
for all xi,x 2 in the same fibre of X over Y, then (X, T) is called an isometric 
extension of (Y, S) . 

Fact 2.3 (Furstenberg's structure theorem). Let {X,T) be a distal minimal com- 
pact metric flow. Then there exists a countable ordinal r\ with subflows (X^,T^) = 
tt^(X,T) for each ordinal < £ < n, so that the following properties hold true: 
(i) (X V ,T V ) = (X,T) and (X ,T ) is the trivial flow. 
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(ii) (X^, If) = tt^(Xq, Tq) is a subflow of (Xq,T^) for all ordinals < £ < £ < 
77. 

(iii) For every ordinal < £ < r\ the flow (X^ + i, TJr+i) is an isometric extension 
of(X 6 ,T s ). , . 

(iv) For a limit ordinal < £ < n the flow (X^,T^) is the inverse limit of the 
flows {(X f ,T c ):0<C<O- 

>1 system {(-Xf , Tjr) : < ^ < 77} zot£/i £/ie properties above is called a quasi-isometric 
system (I-system). 

Definition 2.4. A quasi-isometric system {{X^,T^) : < £ < 77} is called normal, 
if (Xfr + i, Tfr + i) is the maximal isometric extension of (X^,T^) in (X^,T^) for each 
ordinal < £ < 77. This quasi-isometric system is unique and it gives the mini- 
mal ordinal 77 to represent the compact metric flow {X, T) = (X v ,T n ). (cf. [Fuj . 
Proposition 13.1, Definition 13.2, Definition 13.3) 

The connectedness of fibres in isometric extensions will be essential in our argu- 
ments, and it will be ensured by representing the minimal compact metric flow by 
the normal quasi-isometric system. 

Proposition 2.5. Let {(X^,T^) : < £ < 77} be a normal quasi-isometric system. 
Then the flow (Xi,T{) is a minimal rotation on a compact metric group which is 
not necessarily connected, while for every ordinal 1 < £ < 7] the isometric extension 
from (Xj,Tj) to (Xj + i, X^+i) has a connected fibre space. 

Proof. We use the terminology and the results out of the paper |MaWu| . For an 
ordinal 1 < £ < 77, which is not a limit ordinal, we let S^ttI**) be the rela- 
tivised equicontinuous structure relation of the factor map 7r|^ \ . The compact met- 
ric flow (X^ +1 ,T^ + i)/S(tt^I) is the maximal isometric extension of (Xt_i, T^-i) 
in (Xj+i, Tj_|_i), which coincides with the maximal isometric extension (X^,T^) 
of (X£_i,T e _i) in (X,T). Thus by Theorem 3.7 of jMaWuj the factor map of 
(Xj+i, Tj+i) onto (XjjTfr) has connected fibres. 

The same argument shows the connectedness of the fibres of the factor map irj +1 
in the case of a limit ordinal 1 < 7 < 77 and an ordinal < £ < 7. For every x-y G X 7 
we have that 

(^+ 1 )- 1 (^)= p| ( 7 rJ+ 1 )- 1 (^ +1 (x 7 )), 

0<C<7 

and therefore the fibre (7r^ +1 ) _1 (a; 7 ) is the limit of a sequence of connected sets in 
a compact metric space, which is connected by |Kuj . p. 170, Theorem 14. □ 

We shall henceforth assume that {(X^,T^) : < £ < 77} is the normal quasi- 
isometric system with (X V ,T V ) — (X,T). Moreover, for every ordinal 1 < £ < 77 
we want to define a projection : X^ — > R of the function / : X — > R, which 
is associated to the factor map 7r 5 : (X, T) — > (X^,T^). These projections can be 
defined by families of probability measures, using the fact that every distal extension 
of compact metric flows is a so-called i?/M-extension (relatively invariant measure, 
cf. |Gllj ). For an isometric extension this relatively invariant measure is unique (cf. 
[Gllj ). and we shall choose the most canonical family of measures for the distal 
extensions in the quasi-isometric system. These families of measures obey to an 
integral decomposition formula within the quasi-isometric system. 
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Proposition 2.6. For every ordinal < £ < r\ there exists a family of probability 
measures '■ x £ X^} on X so that for every x £ X^ it holds true that 

/^(TTfT 1 ^)) = 1 and or 1 = ^,t s x- 

Moreover, the mapping x i— > (J,^ x is continuous with respect to the weak-* topology 
on C(X)* , and for a continuous function 4> G C(X) and ordinals 1 < £ < Q < n we 
have the equality that 

M£,x ? (<£)=/ MC,3/< (0) ^Of,^ oTrr 1 )^) (3) 

for all X£ £ Xj. 

Proof. The proof follows the construction of an invariant measure for (X, T) in 
Chapter 12 of [Fuj . For every ordinal C with £ < ( < rj we shall construct a 
probability measure [li x on X^ with the required properties, but with (X^,T^) 
replacing (X, T). For ( = £ we put /x| x — S x , the measure with mass one on 
the point x £ X^. Suppose that for an ordinal £ with £ < £ < 77 there exists a 
suitable probability measure //^ s on Xq . For every y £ Xq we let fJ-y/ be the 
unique measure on the fibre (7r^ +1 ) _1 (y), which is invariant under all isometries of 
the fibre. In the proof of Proposition 12.1 on |Fuj it is verified that the mapping 
y 1 — ► My^ 1 is continuous with respect to the weak-* topology on C(Xq+i)* and 
that (Jty^ ^£+1 = Mt + y £• Now we define a RIM for the extension (X^+i, T^+i) of 
PQ,!^) by putting 

4£W)= / M^/(<^)< x (y) (4) 

for every 6 C(X^ + i). It is easily verified that this measure meets the requirements. 

Furthermore, given a limit ordinal 7 with 1 < £ < 7 < 77 and RIM's /i^ a on X^ 
for all ordinals £ with £ < £ < 7, we need to prove that there exists also a RIM 
f/J x on X 7 with the required properties. For an ordinal £ < ( < 7 and a; G X^ 

the measure ^ ^ defines a linear functional on the subspace of C(X 7 ) given by 
functions of the form <f> o ttJ with <j) £ C(X^). This functional can be extended 
to a functional on C{X~ I ) without increasing its norm, giving rise to a probability 
measure on X 7 . By the continuity of the map x 1— > /i^ x the set 

K c = {(x, v):vo (nj)- 1 = 4 J C X e x C(X 7 )* 

is closed and compact in the product topology of X% and the weak-* topology 
on C(Xj)*. Therefore also the set K = n^<^< 7 X^ is compact, and by the finite 
intersection property every section K x = {v £ C{X 1 )* : (x,v) £ K} with x £ X 7 
is non-empty. Furthermore, two distinguished elements Vi £ K x , i £ {1, 2} can be 
distinguished by a continuous function on X 7 , and for every large enough ordinal 
( < 7 as well by a continuous function of the form <j) o with cf) £ C(X^). This 

contradicts however that z/; o (irj)^ 1 = p,^ x , and the section K x is a singleton for 
every x £ X 1 . Thus the set K C X^ x C(X 1 )* is the closed graph of the continuous 
function 1 h (i^ on X^, and the assertion that p,J x o T^ 1 = t^T^x can De verified 
by the same approximation argument. 
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The existence of the RIM {(J,£, x ■ x £ X^} follows now by transfinite induction, 
and it remains to prove equality ([3]). The condition that 



/*eU t W= /_ M?, wc (0)^U(i/c) (5) 



for every cf> £ C(X a ) holds true for the ordinal a = £ + 1 by the definition Q. If 
the equality (J3J) holds true for an ordinal a > (, then the equality Q implies that 



0^> = / MSiiWdM?,x t (»«») = 

holds as well for every £ C(X a+ i). Moreover, we can extend the equality §5§ with 
the approximation argument above also to a limit ordinal 7 with £ < 7 < 77, and 
the equality j3|) follows now by transfinite induction. □ 

Now we can define a continuous function fa : X^ — > R for every ordinal £ with 
1 < £ < ?7 by 

and we can compute for ordinals £, £ with 1 < £ < £ < r\ and an integer n ^ that 

n-i 

(/c-/€°t|)(».«c) = zZ (^C.2?* t (/)-^«(r*x c )(/)) 

fe=0 
n-l 

= ^(^ c (/oTV^ (lt) (/o^)) 

= MC c (/(»v)) ~%4(x f ) (/(".•)) 

holds true for every G Xf . Hence the integral by the measure o ir^ 1 ), 

which is supported by the fibre (tt^)~ 1 (x^) C Xq, turns out to be zero for every 
X$ £ X ( : 



(/c - fi°^i){n,xc)d(fJ, itX( ott c L )[x c ) = 

x e 

(MC,x c (/Ov))) d(M5,a e oTi-f 1 )^) _ ^ )7r c (xc) (/(n,-)) = 



A' 



The connectedness of the 7r|-fibres for 1 < £ < £ < 77 implies now that the function 

(/^ — o 7r|)(n, 2^) has a zero in the fibre (tt|) — for every integer n and 
every G Xg . This property will be essential in the proofs of the Lemmas 12.91 and 
12.101 Furthermore, the following representation of isometric extensions in terms of 
compact metric group extensions will be essential: 

Fact 2.7. A minimal isometric extension (Z,R) of a minimal compact metric flow 
(Y, S) = <j(Z,R) can be represented by a minimal isometric group extension (Z,R) 
of (Y, S) = a(Z, R), with a compact metric group K C Aut(Z, R) acting freely on 
the fibres a~ 1 (a(z)) — {g(z) : g £ K} for every z £ Z, and then taking the orbit 
space by a closed subgroup H of K (cf. chapter 5 in |GlWej ). 
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The "local" behaviour of an isometric group extension is similar to a skew product 
extension by a compact metric group, even if the global structure might be different 
in the sense that the space does not split into a product. 

Lemma 2.8. Let (Z , R) be a minimal isometric group extension of (Y, S) = 
er(Z, R). Then for every e > there exists a S > so that d%(x, R n x) < 5 for x £ Z 
and an integer n implies that d^(y, R n y) < e for every y G Z with <j(y) = a(x). 

Proof. A compact metric group K C Aut(Z, R) acting freely on the fibres defines 
a uniformly equicontinuous set of homeomorphisms of Z. Thus there exists a 5 > 
so that for all x, y G Z with d^{x,y)) < S and all g G K it holds true that 
dz(g(x),g(y)) < e. For a point x G Z and an integer n with d^{x,R n x) < S it 
follows then for all g G K that d^(g(x), g(R n x)) — d^.(g(x), R n g(x)) < e, and as 
the X-orbit of x is all of a~ 1 (a(x)) the lemma is verified. □ 

We want to use these tools to study how the dynamical properties of the skew 
product extensions j ( : x K — > x R change over the ordinals < £ < rj. 
At first we want to consider the step from an ordinal to its successor. 

Lemma 2.9. Let 7 be an ordinal with 1 < 7 < ry. Then the cocycle 

(A+l ~ / 7 7r 7 + 1 )( n ^7+l) 

is either a coboundary or it has a topologically transitive skew product. Therefore 
if fi{ n -, x i) * s a coboundary, then / 7+ i(n, x~ (+ i) is either a coboundary or it has 
a topologically transitive skew product. Furthermore, i// 7 (n, a; 7 ) is transient, then 
J 7 +i(n, x 7 +i) is either transient or it has a topologically transitive skew product. 

Proof. Let K C Aut(A, T) be a compact metric group extension of (A 7 , T 7 ) with a 
compact subgroup H C K so that (A 7+ i,T 7+ i) = t(X,T) is the ii-orbit space in 
(X, T). If the skew product extension of h(n, a: 7 +i) = (/ 7 +i — / 7 o 7r^ +1 )(n, x 7 +i) is 
not topologically transitive, then transitivity is also not valid for the skew product 
Thor- By Lemma 1 1 . 71 there exist thus a compact symmetric neighbourhood Lcl 
of zero and an e > 0, so that d(x,T n x) < e for x € X and n G Z implies that 
(/i o r)(n, x) 2L \ L°. Moreover, by Lemma [2.81 there exists a S > 0, so that 
d(x,T n x) < S for some x £ X and n £ Z is sufficient for d(y,T n y) < e for every 
y £ X with ttT; +1 o r(y) = o r(x). Now let {(n k , x k )} k >i C Z x X be a 

sequence with d(x k ,T nk Xk) — * 0. The cocycle (/ 7 +i — / 7 o 7r^ +1 )(rn;, y) has a zero 
y k and a connected range on the fibre (7r^ +1 ) _1 (7r^ +1 (T(aifc))), and thus for all 
k > 1 with d(xk,T nk Xk) < 6 the assertion that (h o r)(nk,Xk) ^ 2L\ L° implies 
that (h o r)(nk,Xk) £ L. This argument can be repeated with an arbitrarily small 
neighbourhood L, and therefore we have the convergence that (h o r)(nk,Xk) — * 
as k — * 00. By Proposition 3.4 in [LeMej the cocycle (h o r)(n, x) is a coboundary, 
and from the uniform boundedness of (hor)(n, x) follows the uniform boundedness 
of the cocycle h(n, x 7 +i), which is hence also a coboundary. 

Now suppose that / 7 (n, x 7 ) is transient, while / 7 +i(n, x 7 +i) is recurrent and its 
skew product is not transitive. Then the skew product (/ 7 +i ° t)(ji,x) is as well 
not transitive, and again we choose a compact symmetric neighbourhood LcKof 
zero and an e > (cf. Lemma fl~7l) so that d(x,T n x) < e for x £ X and n £ Z 
implies that (/ 7 +i ° r)(n,x) ^ 2L \ L°. By Lemma 12.81 there exists a 8 > so 
that g?(J, T n x) < 5 for some x £ X and n G Z is sufficient for d(y, T n y) < e 
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for every y 6 X with 7r^ +1 o r(y) = 7r^ +1 o t(x). If {(nk,Xk)}k>i C Z x X is 
a sequence with d(xk,T nk Xk) — > 0, then the transience of / 7 (n,x 7 ) implies that 
(/ 7 o 7T^ +1 o T)(rik,Xk) 2L for all large enough integers k (cf. Remark 1 1 .3[) . The 
cocycle (/ 7+i - / 7 o 7r^ +1 )(n fc , y) has a zero y k G (n^ 1 ) -1 (tt^ +1 o r(x fe )), and 
for yfe e r^ 1 (yk) it holds true that (/ 7 +i ° r)(nk,yk) £ 2L. We obtain from the 
choice of 8 and the connectedness of the (/ 7 +i o r)(nfc, x)-range on the (7r^ +1 o t)- 
fibre that (/ 7 +i ° r)(nfc,Xfc) ^ 2L for all large enough integers k. However, given a 
point x 1+ \ G X 1+ i and a sequence {mfe}fc>i of integers with ^ (# 7 +i, 0) — > 

(x 7+ i, 0), we can choose a point x G t (x 7 _|_i) and a subsequence {mfc;}/>i C Z so 
that {T mk ix}i>i is convergent in X. Now a contradiction occurs for the sequence 
{(n k ,x k ) = (m kl+1 -m kl ,f mk ix)} k >i cZxl □ 

The arguments are somehow similar in the case of a limit ordinal, but instead of 
Lemma 12.81 an approximation of the limit ordinal will be applied. 

Lemma 2.10. Let 7 be a limit ordinal with 1 < 7 < 77. If f^(n, Xf) is a coboundary 
for all 1 < £ < 7, i/ien / 7 (n, x 7 ) is either a coboundary or it has a topologically 
transitive skew product extension. If there exists an ordinal 1 < ( < 7 so that 
/^(n,xj) is transient for all £ < £ < 7, £/ien / 7 (n, x 7 ) is either transient or it has 
a topologically transitive skew product extension. Furthermore, if for every ordinal 
1 < C < 7 there exists an ordinal £ < £ < 7 so that f^(n,X^) has a topologically 
transitive skew product extension, then / 7 (n,x 7 ) has a topologically transitive skew 
product extension. 

Proof. Suppose that the skew product of T 7 * is not transitive and f^(n,x^) is a 
coboundary for every 1 < £ < 7, and let {(rife, x k )}k>i cZx X 1 be a sequence with 
d 7 (xk, T™ k Xk) — > 0. By Lemma fTTfl there exist a compact symmetric neighbourhood 
L C K of zero and an e > so that d 7 (x, T™ x) < e for x € X 7 and rt G Z implies 
that / 7 (n, x) ^ 2L \ L°. As 7 is a limit ordinal, we can choose an ordinal £ < 7 so 
that d 7 (x, y) < e/3 holds true for all x, y € A 7 with 7r^(x) = Tr^(y). For all positive 
integers /c with d 7 (xfe, T™ k Xk) < e/3 and all 6 X 7 with ir^(yk) = tt^ (x/c) it follows 
that d 7 (yk, T™ k yk) < e. Moreover, for all large enough integers k it holds true that 
f((nk,TrJ(xk)) G L, because is a coboundary. The cocycle (/ 7 — o 7rJ)(nfe,x) 
has a zero j/fe £ ( 7r ^) _1 ( 7r ^( :r fe)) an d thus f- ( {rik,yk) G £ for every k > ky and 
a suitable integer fco > 1. We can now conclude from the connectedness of the 
fibre and / 7 (nfc,Xfe) ^ 2L\L° that / 7 (nfc,Xfc) G L holds true for all k > k . The 
neighbourhood L can be chosen arbitrarily small, and therefore f-y(nk,Xk) — > as 
k — > 00. As the sequence {(n&, Xfc)}/c>i G Z x X 7 was arbitrary, the Proposition 
3.4 in [LeMej asserts that / 7 (n, x) is a coboundary. 

Now suppose that there exists an ordinal 1 < £ < 7 so that f^(n,x^) is tran- 
sient for all £ < £ < 7, while / 7 (n,x) is recurrent but its skew product extension 
is not topologically transitive. Let {(rife, Xfc)}fc>i C Z x A 7 be a sequence with 
dy(xk,T" k Xk) — > and f-y(nk,Xk) — > 0, and choose as above compact symmetric 
neighbourhood L C M. of zero, an e > 0, and an ordinal £ < 7. For all large enough 
integers k it holds true that d 1 (xk,TJ^ k Xk) < e/3, and thus dy(yk,T™ k yk) < e for all 
yk with 7r^(yfe) = 7rj7(xfc). Furthermore, for all large enough integers k it follows that 
f((jik,TrJ{xk)) 4- 2£> because f((n, x) is transient. The cocycle (/ 7 — f^ ° 7r^)(nfc, x) 
has a zero on the fibre (7rJ) -1 (71-^ (x^)) for every integer k > 1, and thus 
fj{nk,yk) £ 2L for all large enough integers fc. Now the connectedness of the 
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fibre (7r^) _1 (7r^(xfc)) and f 7 (nk,Xk) £ 2L\L° imply for all large enough integers k 
that fj(nk,Xk) ^ 2L, in contradiction to fj(nk,Xk) — > 0. 

For the proof of the last assertion suppose that the skew product of / 7 (n,x 7 ) 
is not topologically transitive, and then choose as above a compact symmetric 
neighbourhood L C M of zero, an e > 0, and an ordinal £ < 7. Now use the 
transitivity of the skew product of f^(n, x^) for a suitable ordinal £, £ < £ < 7 and 
the fact that (/ 7 -/^ o 7rJ)(n, x) has a zero on every 7rJ-fibre. Then a contradiction 
occurs to f 7 (n, x) G 2L \ L° for all (n, x) S Z x Xy with d 7 (a;, T™x) < e. □ 

Proposition 2.11. If the real-valued cocycle f(n,x) is topologically recurrent, then 
either there exists a maximal ordinal 1 < a < 7/ so that the skew product extension 
T Qj / o is topologically transitive or f(n,x) is a coboundary. 

Proof. We suppose at first that the cocycle f^(n,x^) is recurrent for every ordinal 
1 < £ < V- The cocycle /1 (71,21) is defined over a minimal rotation on a compact 
metric group, and by Theorem 1 in [LeMej either Ti f t is transitive or f\ is a 
coboundary. In any case, the Lemmas 12.91 12.101 and transfinite induction imply 
that either there exists an ordinal 1 < £ < 77 so that T^Jc 1S topologically transitive 
or f(n,x) is a coboundary. 

If f^(n,x^) is transient for an ordinal 1 < £ < 77, then let [3 be the minimal 
element of the set of ordinals £ < £ < 77 so that ^(77, x^) is topologically recurrent. 
This set is of course non-empty, because /^(tt., x v ) is topologically recurrent, and it 
follows from the Lemmas 12.91 and 12.101 that Tpj is even topologically transitive. 

Now we consider the set of ordinals 1 < £ < 77 so that for all £ < £ < 77 the 
skew product j, is not topologically transitive. If this set is empty, then Tr/J 
is topologically transitive and a = 77. Otherwise, there exists a minimal element, 
which cannot be a limit ordinal by Lcmma [2.10l and thus we have a maximal ordinal 
1 < a < 77 so that T a .f a is topologically transitive. □ 

It should be mentioned that in the case of an uniquely ergodic homeomorphism 
the proofs above could be simplified. Then the recurrence of the cocycle f{n, x) 
implies that /xo(/) = 0, because fio is the unique invariant probability measure of 
full support and f(n,x)/n converges uniformly to /xo(/) as n — > 00. The homc- 
omorphisms for the ordinals < £ < 77 are also uniquely ergodic, and from 
= follows for every ordinal 1 < £ < 77 the measure theoretic (and there- 
fore topological) recurrence of the cocycle f^(n,x^). However, for a non-uniqucly 
ergodic homeomorphism T there might be ordinals 0<£<£<?7 so that /f (n, x^) 
is transient, while the increment to f^(n,x^) forces the topological transitivity of 
the skew product j . 

After the flow (X a ,T a ) with a topologically transitive skew product has been 
identified, the extension from (X a ,T a ) to (X, T) will become the object of study. 
There might be infinitely many isometric extensions in between, and therefore this 
extension is in general only a distal extension. For distal extensions there is a result 
similar to Fact 1 2. 71 however with a Hausdorff topological group acting on a compact 
Hausdorff space and both of them in general not being metrisable. This is a result 
of Ellis (cf. 12.12, 12.13, and 14.26 of [EI]), while a direct and simple proof is given 
in Proposition 1.1 of MaWu]. 

Fact 2.12. Let (Z, R) — t(X, T) be a factor of a distal minimal compact Hausdorff 
flow (X,T). Then there exists a distal minimal compact Hausdorff flow (X' ,T') 



14 



GERNOT GRESCHONIG 



with (X,T) = n(X',T') as a factor and a Hausdorff topological group G acting 
transitively (in the strict sense) and freely on the fibres of the factor map t o n : 
(X',T') — ► (Z,R) by automorphisms of{X',T'). Moreover, there exists a subgroup 
L of G so that the factor map ir : {X 1 ,T') — > {X, T) is the mapping of a point 
x iE X' onto its L-orbit. 

In the paper |G12| it is proven that the metrisability of a compact Hausdorff 
space (X', T") with these properties implies even that the extension from (Z, R) to 
(X, T) is an isometric extension. 

Proposition 2.13. There exists a factor (Y, S) = (X a x M,T a ^ Ja ) = tty(X,T), 
which is a Rokhlin extension of (X a ,T a ) = T a (Y, S) by a distal minimal WL-flow 
(M, {$t : t G K}) on a compact metric space (M, S) and the function f a : X a — > M.. 
The R-flow {$> t : ( £ 1} C Aut(Y,£) defined by * t (x,m) = (ar,$ t (m)) for every 
(x, m) G Y fulfils that 

Osj a o T Ay,o)n(T~ 1 (r a (y)) x {t}) c {(Mv),m (6) 

for every y G Y and every t G R. If (T a (y), 0) is a transitive point for T a j a , then 
these two sets coincide for every igl. Moreover, for every x in a residual subset 
of X it holds true that 

Try 1 (2;) x {0} C Ot 0). (7) 

Proof. We shall construct a factor (Y, S) of (X,T) and a flow {* t : t G R} C 
Aut(y, S), and thereafter it will be shown that (Y,S) can be represented as a 
Rokhlin extension of (X a ,T a ). Let (X',T') be a minimal compact Hausdorff ex- 
tension of (X a ,T a ) with (X, T) = tt(X',T') as a factor and a Hausdorff group G 
acting freely by automorphisms of (X',T') on the fibres of ir a o tt, so that (X, T) 
is the L-orbit space of (X',T') under a closed subgroup L C G (cf. Fact 12. 12) . For 
an arbitrary point z' G X' and iElwe define a closed subset of G by 

G z ,, t = {g G G : (tt^^')), t) € P T ,/ a ow a (*(*'), 0)}. (8) 
The mapping tt is open as a factor mapping of distal flows, and therefore for ev- 
ery g G G z / t t there are nets {z' k }kei C X' and {nfc}fe e _r C Z so that zjj, — > z', 
T" fc 7r(z^,) — > 7r((7(z')), and f a (n k ,ir a o 7r(z^,)) — > t. We can conclude for every fixed 
integer m that 

T nk Tr(T' m z' k ) = T nk+m n(z' k ) -» T m 7r( 5 (z')) = n(T' m g{z')) = n{g(T ,m z')) 

and 

f a {n k ,TT a oT:{T' m z' k )) = f a (n k ,ir a o n(z' k )) - f a (m,ir a o tt(4)) 

+fa(m, 7T Q o T nfc o 7r(4)) — > *) 

because the function / Q o 7r a is constant on the fibres of 7r Q . The density of the 
T-orbit of z' implies for every x' G X' that 

(ir(g(x')),t) &V T j aOVa (Tr(x'),0) 

and thus g G G x >.t = G Z ',t — Gt- It follows by symmetry that G-t — (Gt) -1 . 

Now we fix a point x G X with (5t q ,/ q (7To,(S), 0) = X a x IR and T>Tj a o-K a (x, 0) = 
f a oTT a (x,0) (cf. Lemma [TTTJ). We observe that G t is non-empty for every t G K, 
because due to Ot,/ q (7t q (x), 0) = X Q x IR and the compactness of X the set 

0)n 7 r- 1 (7r a (5)) x {£} 
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is non-empty. For t,t'gl and g £ Gt, g' £ Gt> select x' , z' £ X' so that tt(x') = x, 
x' = g'(z'). It follows that 

(x,t') = (n(g'(z')),t') G T>r,U°* a W),ti), 

and for y' — g(x') it holds true that (w(y'),t) £ (5t,/ q o7t q 0). We can conclude 
from (ic(y'),t + t') £ V T j aO ^ a (Tr(z'),0) that gg' £ G t +f, and thus G t G t > C G t +t>- 
Hence the closed set Go is a closed subgroup of the Hausdorff topological group 

G = UtgRGt, 

so that the set Gt is a Go-coset in G for every t £ K. Moreover, we have that 
Go C G(Go(Gt) _1 C Go, and thus Go D L is normal in G. Therefore the mapping 
t i— > Gt is a group homomorphism from R into G/Gq. We fix an arbitrary z' £ 
X' and observe that the pre- image of the closed set T^Tj a o^ a ('ft(z')t 0) under the 
mapping (g, t) >— > (7r(g(z')), i) is the closed set 

{(t, 5 ) :teM,.geGJcKxG, 

and hence the group homomorphism t h-> Gt is continuous with respect to the 
quotient topology on G/G . 

By the definition of Go the orbit space (Y, S) of Go on X' consists of closed sets, 
and it is an extension of (X a ,T a ) — r a (Y, S) and a factor of (X, T), because L is 
a subgroup of Go- The mapping from x' £ X' to Go(ir') is a factor mapping of a 
distal flow and therefore open, and thus the mapping x i— » tty(x) = Gq(tt^ 1 (x)) is 
continuous with respect to the Hausdorff metric on (Y, S). We define the R-action 
{ft : t £ R} C Aut(Y, S) by 

*t(v) = G t ((iTY o tt)" 1 ^)) = G t ({x' G X' : Go(x') = y}) 

for every and tGl, and its continuity follows from the continuity of t G t 

as the group G carries the compact open topology of its action on X' . 

We turn to the inclusion ©. Suppose that (yi,t) for i £ {1,2} are both within 
the intersection Osj aOTa (y, 0) n T~ 1 (r a (y)) x {t}, and select x £ TT Y l (y). By the 
compactness of the space X there exist points Xi £ 7Ty 1 (j/ i ) C 7r~ 1 (T„(y)) so that 
(xi,t) £ C>T,f a oTT a (x,0), and therefore (£2,0) G Pt,/ q ott q (^i, 0). The definition ([8|) 
implies that y\ = tty(%i) — Ty (^2) = 2/2 = ^tCy), an d thus for every y G F and 
f£R there can be at most one point in the intersection 

Osj a or a (y,0)riT- 1 (T a (y)) X {*}. 

If there exists such a point, then the inclusion ([6]) holds true, and if the point 
( T a{y),0) is transitive under T a j a , then by the compactness of Y the this inter- 
section is non-empty for every t 6 K. The inclusion ([7]) on a residual set of x £ X 
follows directly from Lemma 1 1.1 1 and the definition of the subgroup Go, which de- 
fines the factor map 7Ty. 

We want to verify that the distality of (X, T) implies that the flow ((n,t),y) 
i & t (S n y) on Y is distal. We construct the compact Hausdorff space X' as an un- 
countable product of copies of X (cf. the proof of [MaWu] . Proposition 1.1). The 
group G is then a quotient of the subgroup of the Ellis group £(X,T), which pre- 
serves a chosen 7r Q -fibre in X, divided by its subgroup preserving every element in 
that fibre. The group G is acting on each coordinate of the product space X' , and 
it is equipped with the compact-open topology of its action on X'. Even if the Ellis 
group £(X,T) does not act continuously on X, it acts distally in the sense that 
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inf 96 £(x,T) d(g(x), g{x')) > for distinct x,x' £ X. This is an immediate conse- 
quence of (X, T) being distal and £(X, T) being the closure of {T™ : n £ Z} in X x . 
Therefore also the action of Z x G on X' is distal, as it is defined as coordinate- wise 
action of elements of £(X, T), and the flow (Y, Z x : t £ R}) is distal as a factor 
of (A',Z x G). 

We define a continuous mapping on Y by 

R(y) = &-(f a oT a )(y)(Sy), 
and as the flow {"ft : t £ K} C Aut(Y, S) leaves the function f a o r Q invariant, 
the continuous mapping y \— » 5 (^(/aOTa.XS-ij/Uy)) is the inverse of R. Therefore 
R is a homeomorphism of Y and an extension of (X a ,T a ) — T a (Y, R) so that 
{# t ■ t £ K} C Aut(Y,i?). By iteration it follows that R n y = ^ -(f a or a )(n, v )(S n y), 
and the distality of the Z x R-action on Y implies that the extension of (X a ,T a ) 
to (Y, R) is a distal extension. Hence (Y, R) is a distal flow, and Y decomposes into 
minimal i?-orbit closures. Every i?-orbit closure C C Y is thus the orbit closure 
Oji(y) of point y £ Y with T Q j o (T a (S n y), 0) = A Q x R for every integer n, and for 
such a point it follows from R n y — ^ -(f a0 T a )(n,y){S n y) and the inclusion © that 
&r(v) x {0} C Osj a or a (y, 0). Now the argument used in the proof of the inclusion 
^ asserts that every i?-orbit closure intersects every r Q -fibre in a single point. 

By Lemma 11.11 there exists a residual set Q £ Y of points with coincidence of 
the {^>t : t £ K}-orbit and the {^t ■ t £ R}-prolongation and coincidence of the 
i?-orbit and the i?-prolongation. The set T = r a {Q) is also residual, because r Q is 
an open mapping, and for an arbitrary point i £ T and fixed point y £ Q with 
T a{y) = x the minimality of (Y, S) and Sy = ^ (f a 0T a )(y){Ry) imply that 

t-^x) £ {^ t (R n y) : (n,i) £ Z x R}. 

Now we can conclude from Or(%)) PI T t 7 1 (i) = {j/} and the invariance of the r a - 
fibres under {\l/ t : t £ R} that r~ 1 (x) is a subset of the '■ t £ R}-prolongation 
of y, which coincides with the '■ t £ R}-orbit closure of y. Thus the orbit 
{^t(y) : t £ R} is dense in t q T 1 (J), and therefore the distal {^t '■ t £ R}-action 
is minimal on t~ (x). Moreover, we want to verify that On(y) — T>n(y) holds 
true for every y £ t~ x (x). Otherwise, there exist distinct points y 1 £ Oa(y) and 
y" £ V R {y) with T a (y') = T a (y") = x', and from {* f : t £ R} £ Aut(Y,i?), 
{*t(y) : t £ R} = t~ x {x), and the distality of {<f t : t £ R} on the fibre t" 1 ^'), it 
follows that there exist distinct points x',x" £ T>n{y) n t^ 1 (x') = On{y) n t^ 1 (x'), 
giving a contradiction. Therefore the mapping 

is well-defined, onto, one-to-one, and by On(y) = T>n(y) for every y £ r Q T 1 (x) it 
is also continuous. Hence the product X a x r~ 1 (i) = X a x M and the space Y 
are homeomorphic, and we have the conjugation relation that ip^ 1 o Ro ip(x, m) — 
(T a x,m). Moreover, from {* t : t £ R} £ Aut(Y, R) follows for every t £ R the 
relation that cp -1 o ty t oip{x, to) = (x, $ t (to)), in which {$ t : t £ R} is the restriction 
of j^t : i £ R} on the compact metric space M = t q T 1 (x). □ 

It should be mentioned here that an ordinal £ < r\ with (Y, S) — (X^,T^) not 
necessarily exists. In the next step we want to define a function /y : Y — > R so 
that /y o 7ry is cohomologous to /, and thereafter we want to study the dynamical 
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properties of the incremental cocycles (/ — f a o ir a ){n, x), (/ — fy ° Try)(n, x), and 
(/y - /« or a )(n,y). 

Proposition 2.14. (i) For an arbitrary sequence {(n k , Xk)}k>i cZx! w</i 

d(x kl T nk x k ) -> and (/ Q o 7r Q )(n fe . Xfe) -> 
it holds also true that 

{f - fa° Tr a )(n k ,x k ) -> 
as k — y oo. TTws assertion implies that 

£(/ a oi a ,/)n({o}xi) c {(o,o)}. 

Moreover, for a point (x,t) E X x M. and a sequence {m k }k>i C Z with 
Tf a oT a (x,t) —y (x',t') as k —y oo £/ie sequence (/ — / Q o ir a )(m k , x) is 
convergent to a finite limit. 
(ii) There exists a continuous junction fy '■ Y — > M so that the function 
fy ° try ■ X — ► R is topologically cohomologous to f. In analogy to (i), 
we have for an arbitrary sequence {(n k ,y k )} k >\ C Z x Y wii/i 

dy(y k ,S nk y k ) -> and (/ Q o r a )(n k ,y k ) —y 

i/iai «i Zio/ds aZso inte £ftai 

(/y - /a ° r a )(n k , y k ) -> (9) 

as fc — > oo. 

We shall prove two technical lemmas first. The first lemma shows that a "relative" 
non-triviality of a cocycle with respect to another cocycle can be lifted over an 
extension of the compact metric flow. 

Lemma 2.15. Let (X,T) be a minimal compact metric flow, let (Z,R) = a(X,T) 
be a factor, and let g — ((71,32) : Z — ► M 2 be a continuous function. Suppose 
that there exists a sequence {{n k , z k )} k >i C Z x Z with dz(z k , R nk z k ) — * so 
that g\{n k ,z k ) — > and gi(n k ^z k ) -/> as fc — > 00. T/ien i/iere exists a sequence 
{{m k ,x k )} k >i CZx X so that d x (x k ,T mk x k ) — > and (3 o a)(m k ,x k ) — > (0, 00). 

Proof. Suppose at first that 32 (?ifc,Zfc)| -/> 00 and let z € Z be a cluster point of 
the sequence {zfc}/c>i- Then the statement (ii) in Lemma ll.7l implies that -£/(<?) has 
an element of the form (0, c) with c 6 M \ {0}, and as E(g) is a closed subspace 
we can change the sequence {(n k , z k )} k >i C Z x Z so that dz(z k , R Uk z k ) — » 0, 
gi(n k ,z k ) — > and |g2(nfc,Zfc) — > 00 as fc — ► 00. For every cluster point z of 
{^fe}fc>i it follows that the point (z,0,oo) is in the R g -prolongation of (z, 0,0) 
in Z x (Mqo) 2 , and by the statement (ii) in Lemma [1.71 this holds true for every 
z' £ Z. Hence by Lemma fTTTI there exists a point z' £ Z so that (z',0, 00) is in the 
orbit closure of (z', 0,0), and thus there exists also a sequence of integers {i k } k >i 
so that (g\)(i k , z') — y and (g2){i k , z') /* 00 as k — > 00. Now we choose a point 
a;' G it _1 (z'), and by the compactness of X there exists a subsequence {jfe}fc>i of 
{ik}k>i so that dx{T^+^x',Ti k x') -» and o(t, 52 o ff )(j w - j k ,T^x 7 ) -» 
(0,oo). The sequence {(m^, iEfc)}fc>i cZxI with the required properties is given 
by {(m fc ,x fc ) = (j fc+ i -ife,T-"=a;')}fc>i. □ 

The second lemma shows that an action by a group of automorphisms extending 
(X a ,T a ) and a cocycle which is "relatively" trivial with respect to f a give rise to 
a cocycle of the joint action of Z and the group of automorphisms. 
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Lemma 2.16. Let (Z,R) be a distal minimal compact metric flow which extends 
(X a ,T a ) — o- a (Z,R), and let G C Aut(Z, R) be a Hausdorff topological group pre- 
serving the fibres ofo~ a . Suppose that there exists a topological group homomorphism 
cp : G — ► R so that for every h G G and every z G Z it holds true that 

(h(z),<p(h)) ev RJa0aa (z,o). 

Furthermore, suppose that g : Z ► R is a continuous function so that for every 

sequence {{nk, Zk)}k>i C Z x Z with dz(zk,R 7lk Zk) — > and (f a o <7 a )(nfc, Zk) — > 
as k — > oo, it holds also true that 

g(n k ,z k )^0. (10) 

Then there exists a topological cocycle g((n, h), z) of the Z x G-action {h o R n : 
(n, h) G Z x G] so that 

g(n,z) = g((n,l G ),z) 
holds true for every z G Z and every integer n. 

Proof. We let U : Z x (Moo) 2 — > Z x (Roo) 2 be the skew product transformation 
defined by (Z,R) and the function {f a o a a ,g), and we fix a point z£Zso that 
the O v (z, 0,0) and £>u(z, 0,0) coincide in Zx (Roo) 2 (cf. Lemma fTTTT) . Then we 
select a sequence {n k }k>i for every h G G so that (R/ q0 <t q )™ fc (■?, 0) — > (h(z),ip(h)) 
as fc — > oo. As ft, is an automorphism of (Z, R) and the function f a o a a is invariant 
under /i, we can conclude for every fixed integer m (cf. the proof of Proposition 
I2TT3)) that (R faOrTa )<(R m S,0) -» (h(R m z),Lp(h)) as fc -> oo. By equation (|IDJ| the 
sequence {g(n + n^, i? m z)}/c>i is convergent for every integer n, and hence we can 
put 

g{(n, h),R m z) = lim g(n + n h k , R m z). (11) 

k — >oo 

Moreover, it follows from equation (fit))) that the definition of g((n, h), R m z) is 
independent of the choice of the sequence {n k }k>i- We claim that this mapping 
extends from the i?-orbit of z to a continuous mapping g : Z x G x Z — > R. If 
not, then there exist a point (n,h,z) G Z x G x Z and sequences {m^ }fe>i and 
{"fc ] }fe>i with i e I 1 ' 2 ) so that R m ™z^ z, R m k'+ n k'z^ h(z), and 

(f a °o- a )(n + n k l) ,R m *" S) -> <^(/i) + (/ a o tr a )(n, z), 
as fc — > oo, while the limit points 

gi = lim ff (n + nl , iT^z) G Roo 

A: — >oo 

are either distinct for i G {1, 2} or both of them are equal to oo. For i G {1, 2} the 
point (h(R n z),(p(h) + (f a o a a )(n, z),gi) is an element of T>u(z,0,0), and then it 
follows for every integer m that the point 

(h(R m+n z), <p(h) + (f a o a a )(n, z) + (f a o a a )(m, h(R n z)) - (f a o a a )(m, z), 

g(m, h(R n z j) + g % - g(m, z)) = 
= [h(R m+n z), <p(h) + (f a o a a )(n, R m z), g(m, h{R n z)) + g t - g{m, z)) 

is an element of V\j(R m z, 0, 0). Hence by the density of the i?-orbit of z and h G 
Aut(Z, R) there are either distinct elements a\,a% G Roo with 

{h(R n z), <p{h) + ( fct o a a )(n, z), a,) G V v (z, 0, 0) 
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or it holds that (h(R n z) , tp(h) + (f a o a a )(n, z), oo) £ V\j(z,Q, 0). In either case 
occurs a contradiction to equality (fT0|) by the coincidence of the sets Ou(z,0, 0) 
and £>u(z,0,0) in Z x (M^) 2 . 

Now we turn to the cocycle identity. Let (ji, hi) £ Z x G with i £ {1, 2} be two 
arbitrary elements, and choose sequences {«^}fc>i C Z as above. We fix an integer 
m and conclude from equality (fTTj) and h 2 £ Aut(Z, R) that 

~ 9 {{hM), h 2 (R j * +m z)) + g((j 2 , h 2 ),R m ~z) = 

= lim lim g{ji+n'l 1 ,R : > 2+n '^ +m z)+ lim g(j 2 + n h k 2 ,R m z) = 

/— >oc k — >oo ' k— *oo 

= lim lim g[jt + nf 1 + j 2 + n h k 2 , R m ~z). 

I— >oo k— 'too 

A diagonalisation of sequences and the invariance f a o a a = f a o a a o /i 2 imply that 

(R /cvO(T J"' 1+ < 2 (z,0) -> ((fti(Aa(*)),^i) + V>(/»2)) = ((/nAa)(*),venAa)) 
and 

lim lim g{h + nf 1 + j 2 + n£ 2 , R m z) = 

l—*oo k— *oo 

lim <7(j! + n* 1 + ]2 + n\ 2 , iT^) = g{{ji + h, hi + h 2 ), R m ~z). 
1^00 1 

From Or(z) = Z and the continuity of g on Z x G x Z follows the cocycle equality 
9{(ji,hi), h 2 (W 2 z)) + g{{j 2 ,h 2 ), z) = + j 2 , Jn + h 2 ), z) for all z G Z. □ 

Proo/ 0/ Proposition ^. 1J\ (i) We let {(n^, Xk)}k>\ C Z x X be a fixed sequence 
with d(xk, T nk Xk) — > and (/ a o Tr a )(nk, Xfc) — > as fc — > 00, and we want to verify 
by transfinite induction that f(nk, Xk) — > 0. 

Suppose that £ is an ordinal with a < £ < 77 and put 7 = £ + 1, and suppose that 
(/? 7r c)( n fei ^fe) ~~ * an d (/ 7 7r 7 )(rife, Xfe) as — > 00. Let (X, T) and K C 
Aut(X,T) define a compact metric group extension of (Xj,Tj) so that (JC 7 ,T 7 ) is 
the i?-orbit space in (X,T) of a compact subgroup H C K, and denote by er the 
factor map from (X, T) to (X 1 , T 7 ). Now consider the R 2 -valued cocycle of {X 1 , T 7 ) 
defined by the function g = (/c o 7rJ, / 7 — /t o irj). By the Lemma T2 . 1 5 1 there exist 

a sequence (rrik,Xk) £Zx X with d(xk,T mk Xk) — > and 

(/$ OTT^ O (J, / 7 O (7 - / e o TT^ o a)(m k ,X k ) ~> (0, 00). 

As the skew product extension T 7 ./ is not topologically transitive due to the max- 
imality of the ordinal a, also T/ 0CT is not topologically transitive. By Lemma 
11.71 there exist a compact neighbourhood L C M of and an e > so that 
d 7 ($, T n 5) < e for some x £ X and n £7L implies that (/ 7 o cr)(n, i) ^ 2L\ L°, and 
by Lemma [2~8l there exists a (5 > so that d 1 {x,T n x) < 5 for x £ X and n 6 Z im- 
plies that d 7 (g(x), T n g(x)) < e for every g £ K. As the cocycle (/ 7 — fz°TrJ )(mfc, x 7 ) 
has a connected range and a zero on the fibre (7r^) — 1 (tt^ o a(xk)), a contradic- 
tion arises for all large enough k > 1 with the properties that d(xk,T mk Xk) < S, 
(/^ oirj o a)(m,k,Xk) £ L, and (/ 7 oa — f^o-rrjo cr)(mk, ife) ^ 3£. Therefore we can 
conclude that (/ 7 o 7r 7 )(rife, x^) — > as fe — > 00. 

Now suppose that 7 is a limit ordinal and that (/^ o ir^)(nk, Xk) — > holds true 
for all ordinals £ with a < £ < 7. From the maximality of the ordinal a it follows 
again that T 7; / is not topologically transitive, and thus there exist (cf. Lemma [T77|) 
a compact neighbourhood Lclof zero and an e > so that d 1 (x,T"x) < e for 
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x G X-y and n £ Z implies that / 7 (?i, a;) ^ 2L\L . Given e we can find an ordinal a < 
C < 7 so that z) < e/3 holds true for all x, z £ X 7 with tt^(x) = ttJ(z), and for 
all integers k with e? 7 (7r 7 (x^ ) , n 1 (T nk x k j) < e/3 this implies that d 1 (z k ,T^ k z k ) < £ 
for all zj, € X 7 with 7r^ (zj.) = 7Tf (a;/.). The cocycle (/ 7 — /^07r^)(n, a;) has a zero z^ on 
every fibre (7r7) (^(ajfe)), an d it follows for every k > 1 with (/^ o 7r^)(nfe, xfc) G L 
from the inclusion / 7 (n/-, z^) ^ 2L \ L° that / 7 (nfc, Zfc) € We can conclude from 
the connectedness of the fibre that (/ 7 o 7r 7 )(nj,, o^) £ -L, and as the neighbourhood 
L can be selected arbitrarily small, it follows that (/ 7 o 7r 7 )(nfc, Xfc) — > as fc — » oo. 

The transfinite induction process gives f(jik,%k) ^ as fc — > oo, and together 
with (f a o TT a )(n k ,x k ) —> also (/ - f a o ir a )(n kl x k ) — > as fc — > oo. 

(ii) We let (Y" c , 5 C ) = 7r c (X, T) be the flow defined by the connected components 
of the fibres of Try (cf. [MaWuj . Definition 2.3), and we let p be the factor map 
from (Y c , S c ) onto (Y, £) = 5 C ). There exists a family of relatively invariant 
probability measures {p c ,y ■ V £ ^c} with Pcyi^^ 1 (y)) = 1 for every y G Y" c and 
the properties stated in Proposition 12. 6i and we can define a continuous function 
/ c : F c — > R by 

/c(y) = Mc,y(/) 

so that for every y 6 Y~ c every integer n it holds that f c (n,y) = /i Ciy (/(n, •)). We 
select a point 5 £ X with T>T,f a o-K a (T n x : 0) = OT,f a on a {T n x, 0) for every integer 
n, and we want to verify that the cocycle (/ — f c o 7T c )(n, 5) is uniformly bounded 
for all integers n and thus is a topological coboundary (cf. LeMe , Lemma 3.1). 
The construction of the factor (Y, S) (cf. equality ©) and T> T j a0 ^ a (T n x, 0) = 
Orj a o-K a (T n x, 0) imply for every integer n that 

0T,/ Q o^(i,O) n (7rJ 1 (7r c (T ,l a)) x R) = ir^ l ('K c (T n x)) x {(/„ o 7r a )(n,x)}. 

We let U : X x R 2 — ► X x R 2 be the skew product transformation defined by 
(X, T) and the function (f a o n a , /), and we observe that 

Ou(5,0,0)n(7r- 1 (7r c (T"i)) x {(/ Q o 7r a )(n, i)} x R) = 

{(»j(/a °7Ta)("-, X),4> n {x)) '. X £ TT^ 1 (7T c (T™i))} 

holds for every integer n, in which 0„ : 7r~ 1 (7r c (T Tl i)) — > R is a continuous func- 
tion. Indeed, from T n+nk x -> a; G Tr"^^"^) and (/ Q o 7r Q )(n fc , T n x) -> it 
follows by assertion (i) that f(n k , T n x) is convergent and that this limit is unique, 
and the corresponding set in the orbit closure is the closed graph of (f) n . Fur- 
thermore, assertion (i) implies that for every e > there exists a S > so that 
x,x' G ir~ 1 (Tr c (T n x)) and d(x,x') < 5 are sufficient for \4> n (x) — <f) n (x')\ < e, uni- 
formly in n. Hence by the connectedness of the fibres of tt c there exists a constant 
D > with \4> n {x) — 4* n (x')\ < D for all integers n and all x,x' G TT~ 1 ('7r c {T n x)), 
and as f c (n,ir c (x)) is defined by the (J* c ,w c (x) -integral of f(n,x), it follows that 
\{f — fc ° 7r c ) (n, 5) | < 2D for all integers n. Moreover, we can conclude that asser- 
tion (ii) is valid with respect to f c , (Y c , S c ), 7r c , and t q o p. Indeed, if there exists a 
sequence {(n fe ,y fc )} fe >i C ZxF c sothat d c ( y k , S ™ k y k ) -> 0, (f a or Q op)(n k , y k ) -v 0, 
and f c {n k , y k ) as fc — * oo, then Lemma [2.15l and the boundedness of the transfer 
function between / and f c o ir c give a contradiction to assertion (i) . 

Now we consider the extension from (Y, S) to (Y c , S c ). By Theorem 3.7 in [MaWuj 
this is an isometric extension, and by Fact 12.71 there exists a compact metric group 
extension (Y,S) of (Y,S) by K C Aut(f,5) so that (Y" c , 5 C ) = a(Y,S) is the 
factor defined by the orbit space of a compact subgroup H <Z K. Moreover, we put 
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cf = poo so that (Y, S) = a(Y,S). By the properties of / c , for every sequence 
{(n,k, Vk)}k>i C Z x Y with dy(y k , S nk y k ) -> and (/ Q o r a o d)(n k ,y k ) -> also 
(/c ° °")( ra fc) 2/fc) — * 0- Thus we can apply Lemma 12.161 for the joint action of 5 and 
if and the homomorphism ip = 0, and we obtain a real valued cocycle / c ((n, /i), y) 
with (n,h) £ Z x if, y S 1", so that for every integer n and every y S Y it holds true 
that f c ((n, Ik), y) — {fc ° c)(n, y). We let the continuous function fy : Y — > R be 
defined by the integral of f c oa over the if -orbits in (Y, S) with respect to the Haar 
measure on if, and we observe that the integral of (/ c o <r)(n, ■) over the if-orbit 
of y is equal to fy(n, &{y)) for every y £ Y and every integer n. From the cocycle 
identity for the action of Z x K and the uniform boundedness of / c ((0, h), y) for all 
(h, y) £ K x Y we can conclude that (f c — fY°p) 0<J '-Y — > K is a topological 
coboundary of 5. Therefore also the cocycle (/ c — f Y °p)(n, y) is uniformly bounded 
for all integers n and all j/£ v C! whence it is as well a topological coboundary. The 
convergence © follows now by Lemma 12.151 and the boundedness of the transfer 
function between f c and fy o p. □ 

Proposition 2.17. The cocycle (fy — f a °T a )(n,y) can be extended to a topological 
cocycle f((n,t),y) of the Z x R-flow {^t oS°:(«,()eZx R} in the sense that 

{fy - fa °T a )(n,y) = f((n,0),y) 

for every y € Y and every integer n. Moreover, there exists a continuous function 
b : Y — ► R so that for every y GY and every integer n it holds true that 

f((n, -(f a o r a )(n, y)),y) = b(*_ Ua0Ta){n , y) (S n y)) - b(y) = b(R n y) - b(y), (12) 

and therefore the continuous function 

is a topological coboundary with transfer function b : Y — ► R over the distal home- 
omorphism R : Y — ► Y with Ry = $ -(f a or a )(y)(Sy) ■ 

Proof. The assertion (ii) of Proposition [2~Til shows that the function g — fy — f a oT a , 
the group G = : t £ R} C Aut(Y~, S), and the group homomorphism <p = id R 
fulfil the requirements of Lemma [2.161 We obtain a cocycle f((n,t),y) extending 
(fy — f a o r Q )(n, y), and it remains to construct a continuous function b : Y — ► R 
so that equality (TT2"j) holds true for every point y £Y and every integer n. 

Let U : Y x (Roo) 2 — ► Y x (Roo) 2 be the skew product transformation defined 
by (Y, S) and the function (f a o r a , fy — f a qt q ), and choose a point x £ X a 
so that there exists a point y £ t q T 1 (x) with (5u(y, 0,0) = T>u(y,0, 0) as well as 
(5r Q! / o (T™i,0) = X a x R holds true for every integer n. We want to verify at first 
that for every y £ Y with T a (y) = x and every y' £ Y the set 

C {y , yl) - V v (y, 0, 0) n ({y'} x {0} x R M ) 

has at most one element. Suppose that (y',0, Si) £ C(^y } yi) with distinct Sj G !„ 
for i £ {1, 2}, then \l/ t G Aut(Y, S), the properties of x, and equality © imply for 
every i£R that 

(**(!/'). 0, s 4 + /((0, t), y') + /((0, -i), y)) e q* t (,),* t(y ')). 

By the minimality of {f* : t £ K} on the fibre t~ 1 (x), there exists a point y' £ Y 
so that the set C/y^ contains either two distinct points or the point (y',0, oo). 
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In either case occurs a contradiction to Proposition 12.141 (ii), due to the identity 

Ou(y,0,0) = X>u(tf,0,0). 

For every y G Y with r a (y) = x and every j'eF there exists exactly one point 
in the set Osj a oT a {y, 0) n {T~ 1 (T a (y')) x {0}), and by the distality of the extension 
from (X a ,T a ) to (Y, S) it follows for distinct yx,y2 G t q T 1 (J) that these points in 
(r Q r 1 (r Q ,(y')) x {0}) are distinct. Therefore we can define a function b : Y — > R 
with b(y) = for every y G r Q T 1 (x) by 

b(y') = {t e R : (y', 0, t) e U yeT8 -i (s) Ou(i/, 0, 0) n (Y x {0} x R)}. 

Indeed, for every y € r~ x (S) the projection of the set (9u(y,0, 0) (~l (Y x {0} x R) 
on the first coordinate is exactly the orbit closure On(y), and by the distality of 
R the set of orbit closures forms a partition of Y. The continuity of the function 
follows because Cr yiy i\, which is defined with T>jj(y, 0, 0) instead of Ou(y, 0, 0), has 
at most one element for every pair (y,y') G Y 2 . 

The equality (fT2"]l follows now easily. The function on Z x Y defined by 

n-l 

(n, y) ' ^ f((n, -(/„ o r a )(n, y)),y) = £ /((l, -/ a o r a (R k y)),R k y) 

k=0 

is the cocycle given by the Z-action (n, J/) i— > i? n ?/ and the continuous function 
V l— > /a ° T a{y)),y)- By the construction of the function & : Y — > R this 

cocycle is a topological coboundary with b as its transfer function. □ 

With these prerequisites we can conclude the proof of the Main Theorem: 

Proof of the Main Theorem. We let all the elements of the statement and the flow 
(It : i £ 1} C Aut(Y, R) n Aut(Y,S) be defined according to Propositions |2~PH 
[2~T3l[2~Tl and [2T71 We define the cocycle g(t,m) of the flow {$ t : t G M} for all 
m G M and teRby 

fl(t,m) = /((0,t),(5,m)) 
with 5; G X Q chosen so that b(y) = for all y G t~ 1 (x) (cf. the proof of Proposition 
I2.17[) . It follows then for arbitrary y = (x, m) G Y and i£l that 

/((0, t), (x, m)) = m) + b(x, $ t (m)) - b{x, m), 

because the function y /((l, —(/a ° T a){y)),y) is a topological coboundary with 
transfer function 6 : Y — > K over the homeomorphism R with {^t : t G R} C 
Aut(Y, R). The cocycle identity for f((n, t), y) and the equality (fTSj) imply for every 
(x, m) G Y that 

f Y (x,m) - f a (x) = f((0,f a (x)),R(x,m)) + b(R(x,m)) - b(x,m) = 

g(f a (x),m) + 6(T a x,$/ c( ( x )(m)) - b(x,m) = g(f a (x),m) + (b o S - b)(x,m). (13) 

The assertion of the theorem follows now by replacing the function fy by the coho- 
mologous function fy — (boS — b), and the inclusion 7iy (x) x {0} C OtJyotty ( x > 0) 
for all a; in a residual subset of X follows now from inclusion Q . □ 

Proof of the Corollary to the Main Theorem. We let F : Y x R — > Y x R be the 
map defined in the Corollary, and we conclude for every (x, m, t) G Y x R that 

F o Hf aOTa (x, to, t) — F(T a x, m,t + f a (x)) = 

= (T a x,$ t+fa{x) {m),t + f a (x) +g(f a (x) +t,m)) = 

= (T a x,$t+fa,(x)(m),t + fy(x,$ t (m)) + g(t,m)) = S/ y oF(x,m,t). 
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If the compact metric flow (X, T) is uniquely ergodic, then its factors (Y, S) and 
(X a ,T a ) are also uniquely ergodic. This however forces also the unique ergodicity 
of the R-flow (AT, {$ t : t E R}), because every {$ t : t € R}-invariant probability 
measure on M gives rise to an S'-invariant measure on Y defined as product measure 
on X a x M. This unique {$t : t G R}-invariant probability measure on M coincides 
therefore with the relatively invariant measure on the fibres of r Q . The function 
(/y — f a o r Q )(n, ■) has zero integral on every r Q -fibre for every integer n, and we 
can conclude from equation Q13p that g(t,-)/t — ► uniformly as \t\ — ► oo. For an 
arbitrary point (x, m,t) G Y x R and for every s £ R giving a solution to the 
equation 

s + gr(s, <£>_ s (m)) = s — g(—s, to) = t 

it holds true that F(x, $_ s (to), s) = (x, m, t). Such a solution always exists, because 
by the uniform convergence g(t, -)/t — > the mapping s h s + 6(a;, to) — g{—s, to) 
is onto R for every choice of (x,m) € Y". Moreover, we can conclude that every 
solution s fulfils that \s — t\ < L with a uniform constant L for all (x, m,t) £7x1. 
From the compactness of Y it follows now easily that the mapping F is closed. □ 
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